
ORBIFOLDS - GENERAL CONES

Link to: physicspages home page.
To leave a comment or report an error, please use the auxiliary blog and

include the title or URL of this post in your comment.
Post date: 12 February 2022.
An orbifold is a space with an identification that has a fixed point. A

fixed point is a point in the space that maps onto itself in the identification.
An example of an orbifold is defined by the identification in the complex

plane as follows.

z ∼ e2πi/Nz (1)
This maps a point z to another point obtained by rotating z about the origin
by an angle 2π

N . A fundamental domain for this identification is the region

z = reiθ (2)
with 0 ≤ θ < 2π

N . When this region is wrapped up, it becomes an infinite
cone with vertex at the origin. The identification 1 has a fixed point at z= 0,
since this point maps into itself. 1 therefore defines an orbifold.

Now consider the identification

z ∼ e2πMi/Nz (3)
where M and N are relatively prime integers, with N >M ≥ 2.

To find the fundamental domain, we might try the cone 2 with 0 ≤ θ <
2πM
N , but this doesn’t work. To see why, we need to look at the conditions

required of a fundamental domain. The domain, if applied enough times,
must cover the entire complex plane, and must provide a unique identifi-
cation for each point in the plane. Using 0 ≤ θ < 2πM

N fails on the second
requirement. Suppose M = 2 and N = 3. Applying the rotation once maps
the line θ = 0 to the line θ = 4π

3 . That is, each rotation adds 4π
3 to θ. A

second rotation maps the line to 8π
3 , which is equivalent to 2π

3 , which is in
the original fundamental domain, but at a point different from the starting
point of θ = 0. Thus using 0≤ θ < 2πM

N as the fundamental domain maps a
point onto two (or more) different points in that domain, which violates the
requirement of uniqueness.

To find a fundamental domain, we need to find a domain where suc-
cessive applications of a rotation by 2πM

N covers the entire plane, and where
each point is mapped to a unique point in the fundamental domain. Zwiebach
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gives the hint that for two relatively prime integersM andN , we can always
find two other integers a and b such that

aM + bN = 1 (4)
A proof of this lemma is provided here. With N > M , a will usually be
negative. For example, with N = 3 and M = 2, we have b= 1 and a=−1.
For M = 3 and N = 7, b= 1 and a=−2.

If we divide through by N we have

a
M

N
=

1
N
− b (5)

Returning to 3, we see that if we apply the identification −a times (a nega-
tive number of applications means that we apply the inverse of the identifi-
cation a times), we’ll map the ray θ = 0 to the ray θ =−2π

N +2πb. The 2πb
can be ignored since it’s just a multiple of 2π (since b is an integer). If we
apply the same identification over and over, we’ll advance the ray by −2π

N
each time until, after N applications, we’re back to where we started. Thus
the fundamental domain is 0 ≤ θ < 2π

N , the same as for the original cone
mapping.

To see this, we can try a couple of special cases.
For M = 2 and N = 3, we have the following mapping (numbers are all

θ given as multiples of 2π
3 ):

[0,1)→ [2,3)→ [4,5)→ [6,7) (6)
Taking modulo 3, however, we see that this mapping is equivalent to

[0,1)→ [2,0)→ [1,2)→ [0,1) (7)
Thus all 3 sectors of the plane are covered uniquely.

As another example, we can try M = 3, N = 7. As multiples of 2π
7 and

modulo 7, we have, rotating by −2πaMN = 2π 6
7 each time:

[0,1)→ [6,0)→ [5,6)→ [4,5)→ [3,4)→ [2,3)→ [1,2)→ [0,1) (8)

Again, the entire plane is covered uniquely, in a cycle of 7 steps, after which
the mapping loops back to the original fundamental domain.

We can prove that in general, if M and N are relatively prime, the se-
quence aM mod N with a an integer always takes N steps and covers all
the integers from 0 up to N −1.

We’ll try a proof by contradiction. Suppose that the proposition is not
true, that is, that at two distinct points in the sequence, say for values a1 and
a2, we get the same number, so that
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a1M mod N = a2M mod N (9)
where a1 < a2+N so that the cycle repeats with a period of less than N . If
we take a1 > a2, then this means that

a1M = a2M +nN (10)
where n > 0 is an integer. That is, a1M must be an integral number of
Ns larger that a2M in order for them to have the same value modulo N .
Rearranging, we have

(a1−a2)M = nN (11)
However, the lowest common multiple of two relatively prime integers M
and N is just their product MN , so the smallest possible values in 11 are

a1−a2 =N (12)
n=M (13)

That is, we must cycle through at least N values of aM in order for the
cycle to repeat, proving that the sequence aM mod N does indeed cover
each value in the range [0,N −1] exactly once, although the order may vary.


